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A spherical quantum dot (QD) heterosystem CdS/SiO2 has been studied. Each QD has a hydrogen-like impurity
in its center. Besides that, it has been accounted that a polarization trap for electron exists at the interfaces due
to the difference between the QD and matrix dielectric permittivity. It has been defined that for small QD radii
there are surface electron states. For different radii, partial contributions of the surface states into the electron
energy caused by the electron-ion and electron-polarization charges interaction have been defined. The linear
light absorption coefficient of noninteracting QDs has been calculated taking into account the QD dispersion
by the size. It is shown that the surface states can be observed into different ranges of an electromagnetic
spectrum.
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1. Introduction
It is a long period of time that the physics of nanosystems is considered to be a priority direction in
the modern development of the materials science and nanoelectronics. Its success is due to the use of
nanoobjects such as quantum films, quantum wires, quantum rings and especially quantum dots (QDs).
Due to their unique properties, QDs are widely used in optoelectronics. The narrow spectrum of radiation
of monodisperse QDs makes it possible to use QDs in light-emitting diodes (LEDs). They have better
spectral characteristics and a higher coefficient of efficiency than LEDs on the basis of the liquid crystals
and organics materials [1].
In experimental works it was defined [1, 2] that the use of the nanocrystals of CdS, CdTe, CdSe
makes it possible to get an emission band in a visible spectrum. Those emission peaks are connected
with exciton luminescence. Moreover, the range of size of QDs in that work was 2–8 nm. In that and
other works [3–6], authors assure that except excitonic peaks there is a wide luminescence band which is
caused by the impurity and surface states.
There are many theoretical works which are devoted to the study of shallow donor and acceptor
impurity states, in nanosystems of different shapes [7–15]. It was proved that by decreasing the QD
radius to the value less than the corresponding effective Bohr radius, the probability of electron residence
outside QD is larger than in the QD. In this case, there are bound states outside the QD.
An increasing ratio of the number of atoms on the surface to the number of atoms in the nanocrystal
volume (QD size becomes small) increases the role of the surface states in the formation of absorption
and luminescence bands. It relates to the heterosystem with CdS QDs. Notwithstanding that in CdS QD
it is often hard to determine the nature of the surface states, in most cases the red radiation spectrum is
caused by electron transition with concern to the surface traps [16]. One of the reasons for the existence
of a surface trap is the polarization charges on the interfaces. The value of polarization charges and
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the potential energy of the electron interaction with polarization charges are defined by the difference
of the dielectric permittivity of a heterosystem. A larger difference of the dielectric permittivity of a
heterosystem and smaller sizes of QDs increase the role of the polarization trap.
Thus, the aim of this work is to determine the following:
• the interface states of the QD with hydrogen-like impurity in the center of the QD;
• the effect of the surface states of the QD on the interlevel light absorption which is caused by the
transitions between the inner and the outer (interface) states.
2. The energy spectrum of the electron in a small QD with impurity
Let us consider the CdS/SiO2 heterosystem (table 1 in the appendix) consisting of a dielectric or
semiconductor matrix that contains spherical QDs with a hydrogen-like impurity in the QD center. The
charged particle is characterized by its own effective mass in each medium (m∗1, m
∗
2). The media are
described by their own dielectric permittivity (ε1, ε2).
Modern technology is capable of obtaining a sufficient quality of semiconductor and dielectric
nanoheterostructures. In reality, it is difficult to create a heterogeneous system with a sharp change of all
physical parameters at the interface. There is always an intermediate layer in which a particular physical
parameter (particle’s effective mass, dielectric constant) varies from its value in some crystal to the
corresponding value in the other crystal.
Let us assume that at the interface there exists a transitional layer where dielectric permittivity changes
from its value in the QD to the corresponding matrix value. In this case, one may obtain the potential
energy of the charge particle interaction with polarization charges as follows [17]:
Vp(r) = γ4ε(r)
∞∫
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2
[
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L
)]
, (2.2)
γ =
ε1 − ε2
ε1 + ε2
. (2.3)
We used Hartree units (m0 = 1, ~ = 1, e = 1). Based on the formula (2.1), the analysis shows that the
transitional layer width is approximately equal to the crystal constant a0, if L 6 1/4 · a0. L is the theory
parameter which determines the transition layer width. In the case of the matrix near the QD surface,
there is a potential well which is called a polarization trap.
We consider the electron of sphericalQDCdS in thematrix SiO2. TheHamiltonian of the heterosystem
has the form:
Hˆ = −1
2
∇ 1
m (r)∇ +U (r) +V (r) + Vp (r) = Hˆ
0
+ Vp (r) , (2.4)
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where the confinement potential is
U (r) =
{
0, r 6 a,
U0 , r > a,
U0 > 0, (2.5)
where a is QD radius, and the potential energyVp(r) is expressed by (2.1). Also, the impurity ion interacts
with the electron. The potential energy of this interaction was derived from the Poisson equation and has
the form
V(r) =

− 1
ε1r
− ε1 − ε2
ε1ε2a
, r 6 a,
− 1
ε2r
, r > a.
(2.6)
The total electron potential energy is plotted in figure 1.
The Schrödinger equationwith Hamiltonian Hˆ0 can be solved exactly [13]. Solutions can be expressed
in two different regions of r:
ψ(0) (r,Ω) =
{
ψ1 (r,Ω) , r 6 a,
ψ2 (r,Ω) , r > a, (2.7)
where Ω is a solid angle.
Let r 6 a. Then,
ψ1 (ξ1,Ω) = A1Mλ1,l+1/2 (ξ1) /ξ1 · Yml (Ω) , (2.8)
if
E˜1 = E +
(ε1 − ε2)
ε1ε2a
< 0,
where ξ1 = α1r, (α1)2 = −8m∗1E˜1, λ1 = 2m∗1/(ε1α1), M is Whittaker function, or
ψ1 (ξ1,Ω) = A1Fl (δ1, ξ1) /ξ1 · Yml (Ω) , (2.9)
if
E˜1 = E +
(ε1 − ε2)
ε1ε2a
> 0,
where ξ1 = β1r, β21 = 2m
∗
1E˜1, δ1 = −m∗1/(ε1β1), F is a regular Coulomb function. On condition that
r > a
ψ2 (ξ2,Ω) = D2Wλ2,l+1/2 (ξ2) /ξ2 · Yml (Ω) , (2.10)
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Figure 1. The electron potential energy as a function of r in the QD heterosystem CdS/SiO2. QD radius
a = 12 Å, L = a0/4.
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Figure 2. (Color online) The electron energy in the QD. Figure (b) shows the box from figure (a).
where ξ2 = α2r, (α2)2 = −8m∗2E˜2, λ2 = 2m∗2/(ε2α2), E˜2 = E −U0 < 0,W is the otherWhittaker function,
which tends to zero, if r → ∞.
Using the boundary conditions and a normalizing condition
R1 (r)

r=a
− R2 (r)

r=a
= 0,
1
m∗1
∂
∂r
R1 (r)

r=a
− 1
m∗2
∂
∂r
R2 (r)

r=a
= 0,∫
d®r |ψ (r, θ, ϕ)|2 = 1, (2.11)
the energy spectrum of the electron is calculated and all the constants are found.
The calculation results of the electron for s-, p-, d-states were presented in figure 2. From the graphs
it is seen that for each state there is a range where a decrease of the QD radius leads to a particle energy
increase due to a space confinement.
A decrease of the QD radius shows that for some range of the radii of QD, the energy of each state
reaches some values, where it does not depend on a. According to the number of energy levels there
are several regions of radii. These energy dependences on the QD radius can be explained by the fact
that for a specific state, the QD radius decrease is accompanied by a push of the energy level from the
quantum well. In this case, the electron energy monotonously increases. When the probability density of
the particle has its maximum in the matrix near the interface (in the surface state) its energy does not
depend on the QD radius. From figure 2 (b) it is seen that each lower surface level “pushes” the upper
level of that type. And we have got sets of levels that correspond to hydrogen-like energy levels.
The above described results were obtained from the exact solution of the Schrödinger equation
with Hˆ0. The surface states were caused only by the ion of impurity which keeps an electron in the
matrix near the interface. In a real heterosystem, there are polarization charges that influence the surface
states. The Schrödinger equation with Hamiltonian (2.4) can be solved taking polarization charges into
consideration. The wave function which is a solution to the Schrödinger equation with Hamiltonian (2.4)
is expressed by the expansion over the function (2.7):
Ψ =
∑
i
Ciψi
(0), (2.12)
i is the quantum number set n, l, m. Our task reduces to the linear system of equations∑
i
Ci
{ [
E
(0)
i
− E ]δji + 〈ψ(0)j Vpψ(0)i 〉} = 0. (2.13)
From (2.13) and from the normalizing condition, allCi and the energy of the system have been found.
The calculation results are presented in figure 3.
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Figure 3. (Color online) Impurity electron energy with regard to the polarization charges (solid curves)
and with a neglect of the polarization charges (dashed curves).
Figure 3 shows that the polarization charges being taken into consideration increase the electron
energy for the inner-dot states. In this case, we receive the known result [13, 17]: if the QD dielectric
permittivity is larger than the matrix one, the QD energy increases. However, for small QD radii, taking
the polarization charges into consideration decreases the electron energy. This result can be understood
when one sees the potential (2.1) plotted in figure 1 for QD radius 12 Å. Figure 1 shows that outside
the QD, there is a potential well (polarization trap). Obviously, at the small QD sizes, the electron gets
into the polarization trap due to the confinement. Hence, taking the polarization charges into account for
small QD radii decreases the electron energy. Therefore, the polarization charges and the ion of impurity
are two independent reasons for the existence of surface states. As one can see from figure 3, for very
small QD radii (less than 10 Å), the results are only of theoretical interest, but they do not contradict to
the resolution made above. The crystals exist where the above mentioned effects are observed for larger
QD radii. This depends on the effective Bohr radius (a∗
b
). For CdS a∗
b
= 14.5 Å.
Let us calculate the absorption of electromagnetic waves caused by the electron interlevel transition
from some |i〉 state into | f 〉 state. Let the heterosystem be irradiated by a linear polarized light. Then, in
the dipole approximation, the selection rules are ∆l = ±1 and ∆m = 0. By the use of formulae from [9],
we write the light absorption coefficient for the heterosystem:
αi, f (ω) = ω
√
µ0
ε0ε
N |di f |2~Γ(
E f − Ei − ~ω
)2
+ (~Γ)2
, (2.14)
where ε0 is electric constant, µ0 is magnetic constant, di f is matrix element of dipole moment, N is
carrier concentration. The concentration of the QDs in the matrix was chosen according to the value that
provides the case when the interaction between QDs can be neglected. ~Γ is relaxation rate. If T ≈ 4 K,
then ~Γ→ 0:
αi, f (ω) = lim
~Γ→0
[
ω
√
µ0
ε0ε
N |di f |2~Γ(
E f − Ei − ~ω
)2
+ (~Γ)2
]
= ωpi
√
µ0
ε0ε
N |di f |2δ
(
E f − Ei − ~ω
)
, (2.15)
(2.15) is valid only for a system of QDs which has an identical size. However, in practice, the sets of QDs
have a dispersion by size. The QD size distribution can be approximated by the Lifshits-Slezov or Gauss
function. We use Gauss function:
g (s, a¯, a) = 1
s
√
2pi
exp
[
−(a − a¯)
2
2s2
]
, (2.16)
where a is the QD radius (variable), s is half-width of the distribution (2.16), which is expressed by
the average radius a¯ and the value σ which is considered as the variance in the QD sizes expressed in
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Figure 4. (Color online) Light absorption coefficient caused by the electron interlevel transition.
percentage: s = a¯σ/100. By taking the QD dispersion into account (2.16), the absorption coefficient is
obtained as follows:
αi, f (ω) = ωpi
√
µ0
ε0ε
N
∑
j
g(s, a¯, a0 j) |di f (a0 j)|2 d
da
[
E f (a) − Ei (a) − ~ω
]
a=a0 j
, (2.17)
where a0 j are simple zeros of the function Q(a) = E f (a) − Ei(a) − ~ω.
The dependence of the absorption coefficient on the quant energy of light for an average radius
11.64 Å (two crystals parameters a0, N ≈ 3 · 1016 cm−3) and dispersion σ = 5% is shown in figure 4.
Figure 4 shows that the light absorption coefficient is caused by the transition from the ground state into
the surface state (1s-2p) and is 5–6 orders less than the transition from the other inner-dot states into
exited states. The reason for this is the distance between the energy levels, which is larger than in the case
of transition (1s-1p) while the dipole momentum of interlevel transition is smaller.
Furthermore, the transition from the ground state into the first exited state (1s-1p) for this value is
larger and is located by the energy scale far from the next possible transition from the ground state to the
exited 2p-state (1s-2p).
3. Conclusion
The calculation of the electron energy in the QD heterosystem with an impurity shows that the
reduction of the QD size causes a transformation of the lowest exited states from the inner-dot into the
outer-dot states. The outer-dot states are characterised by a weak energy dependence on the QD radius.
The probability density of the electron in the space for those states has a maximum value near the QD
surface in the matrix. Those states are called “surface electron states”.
Taking into account the polarization charges and the intermediate layer with ε = ε(r) on the surface,
causes the existence of the electron polarization trap in thematrix near the QD surface. It has been defined
that the electron interaction with polarization charges increases the binding energy of the surface states
(decreases the electron energy). For example, for a = 15 Å, the electron binding energy for the surface
2p-state equals 94 meV if the potential (2.1) is neglected, and 267 meV if the potential (2.1) is taken into
account.
Based on the found wave functions of the inner-dot and outer-dot states, we calculate the light
absorption coefficient for QD heterosystem CdS/SiO2. With an average QD radius a¯ = 2a0 (a0 is
the crystal parameter) there are absorption bands which have different energies (E2s-2p ≈ 0.29 eV,
E1s-1p ≈ 0.92 eV, E1p-2s ≈ 1.28 eV, E1s-2p ≈ 1.37 eV) and heights.
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The obtained results should be taken into consideration while analysing the experimental absorption
and luminescence bands for a heterosystem with CdS QD.
Appendix
Table 1. Parameters of the heterosystem [18].
crystal m (me) ε a0, Å U0, eV
CdS 0.2 5.5 5.818 0
SiO2 0.42 3.9 − 2.7
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Аналiз впливу поляризацiйних пасток i мiлких домiшок на
мiжрiвневе поглинання свiтла квантовими точками
В.I. Бойчук, Р.Я. Лешко, Д.С. Карпин
Кафедра теоретичної i прикладної фiзики та комп’ютерного моделювання, Дрогобицький державний
педагогiчний унiверситет iменi Iвана Франка, вул. Стрийська, 3, 82100 Дрогобич, Україна
У роботi дослiджується наногетеросистема сферичних квантових точок (КТ) CdS у матрицi SiO2. Кожна
КТ у центрi мiстить водневоподiбну домiшку. Крiм того, враховано, що бiля меж подiлу через рiзницю
дiелектричних проникностей виникає поляризацiйна пастка для електрона. Встановлено, що для малих
радiусiв КТ iснують поверхневi електроннi стани. Для рiзних радiусiв КТ обчислено парцiальнi внески в
енергiю зв’язку поверхневих станiв вiд взаємодiї електрона з iоном домiшки та поляризацiйними заряда-
ми. Проведено обчислення коефiцiєнта мiжрiвневого поглинання гетеросистеми з невзаємодiючими КТ,
враховуючи їх дисперсiю за розмiрами. Показано, що поверхневi стани проявляються в рiзних областях
спектру.
Ключовi слова: донорна домiшка, коефiцiєнт поглинання, поляризацiйна пастка
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